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The conformal affine s/(2) Toda model coupled to matter field is treated as a constrained 
system in the context of Faddeev-Jackiw and the (constrained) symplectic schemes. We 
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process of Hamiltonian reduction, considering the equivalence of the Noether and topological 
currrents as a constraint and gauge fixing the conformal symmetry. 
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1 Introduction 



The Dirac method has been a standard method to deal with constrained systems for a long 
time. By using his approach one can obtain the Dirac brackets which are the bridges to the 
commutators in quantum theory. A few years ago, Faddeev and Jackiw (FJ)|0, ^ proposed 
a method of symplectic quantization of constrained systems for a first order Lagrangian, 
which appeared as an alternative to the traditional and succesful Dirac's approach. In the FJ 
method, the classification of constraints as first or second class, primary or secondary, is not 
necessary. It works, roughly, by solving the constraints and reducing the phase space of the 
system to the independent degrees of freedom. In a constructive procedure for obtaining 
the canonical variables was proposed. An interesting variation inside the FJ method, known 
as "symplectic quantization" is due to Wotzasek, Montani and Barcelos-Neto |]5|, [Ft |9|, p!0 



Following the spirit of Dirac's work, this proposal works by imposing the stability of the 
constraints under time evolution. So, constraints are not solved but embedded in an extended 
phase space. This is a more suitable approach when some relevant symmetries must be 
preserved 0. 

In addition, integrable theories in two- dimensions have been an extraordinary laboratory 
for the understanding of basic nonperturbative aspects of physical theories. In the present 
paper we study the recently proposed conformal affine sl{2) Toda model coupled to (Dirac) 
matter field (CATM) which is an example of a wide class of integrable theories presented in 



11|. The zero curvature representation, the construction of the general solution and many 



other properties are discussed in ||Tl|]. This model possesses a Noether current depending 
only on the matter field and under some circunstances, it is possible to choose one solution 
in each orbit of the conformal group such that, for these solutions, the U{1) current is equal 
to a topological current depending only on the Toda field. Such equivalence leads, at the 
classical level, to the localization of the matter field inside the soliton, and an additional 
feature; the masses of solitons and particles are proportional to the U{1) Noether charge. 
These facts indicate the existence of a sort of duality in these models involving solitons and 
particles JT^ . 

Here we carry out the classical analysis of the theory, once, the conformal invariance 
is gauge fixed by suitable choosing a classical vaccum for an auxiliary field, thus defining 
a related model which we call, affine Toda model coupled to matter field (ATM). Then, 
we impose the equivalence of the Noether and topological currents as a constraint which is 
incorporated to the action by means of Lagrange multipliers. It is interesting to see how 
the FJ and the constrained symplectic methods work in the analysis of the phase space of 
this submodel. Using these methods we show that this submodel turns out to be a parent 
Lagrangian from which the sine-Gordon and the massive Thirring models are derivable. 
We thus show that there are (at least classically) two equivalent descriptions of this submodel, 
using either the Dirac or the Toda field. It will be also clear the duality exchange of the 
coupling regimes: g ^ 1/g. 

The paper is organized as follows. In section 2 we make a brief review of both the FJ 
and (constrained) symplectic formalisms. In section 3 we present some relevant aspects 
of the conformal affine sl{2) Toda model coupled to matter (Dirac) field. Section 4 deals 
with the gauge fixed version of the model, the affine Toda model coupled to matter, in the 
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original FJ framework; the constraint is solved and Darboux's transformations are used 
to "diagonalize" the canonical sector of the theory. This reduction process results in the 
massive Thirring model. In section 5 we attack the same problem from the point of view 
of symplectic quantization p, |T^; where the constraints are not solved but considered 
as strong relations into the symplectic potential, and, simultaneously, incorporated to the 
canonical part by using Lagrange multipliers which are velocities. The outcome of this 
analysis is the Poisson brackets of either, the massive Thirring model or the sine-Gordon 
system, derived by gauge fixing the symmetries of the model in two different ways. 



2 The Faddeev-Jackiw formalism 

The Faddeev-Jackiw (F-J) approach Q avoids the separation of the constraints into first 
and second class and gives us a straightforward way to deal with constraint systems. A brief 
summary of this method is given below. In this section we use finite degree of freedom. The 
extension to the infinite degree of freedom case can be done in a straightforward way. Let us 
start with a first order in time derivative Lagrangian which may arise from a conventional 
second order one after the introduction of auxiliary fields. The general form of such a 
Lagrangian is 

L = a,iOe-ViO- (1) 

Where the coordinates with i = 1, ■■■,N, stand for the generalized coordinates. No- 
tice that when a Hamiltonian is defined by the usual Legendre transformations, V may be 
identified with the Hamiltonian H. 

This first order system is characterized by a closed two-form. If the two-form is not 
degenerated, it defines a symplectic structure on the phase space M, described by the co- 
ordinates ^i. On the other hand, if the two-form is singular, with constant rank on M, it 
is called a presymplectic two-form ||15|. Thus, in terms of components, the (pre) symplectic 
form is defined by 

MO = ^MO - ^a^iO (2) 

with the vector potential being an arbitrary function of The Euler-Lagrange equa- 
tions are given by 



= 7^77^(0- (3) 



d_ 

In the non-singular, unconstrained case the anti-symmetric NxN matrix fij has the 
matrix inverse /'-', then = 2n, and (§) implies 



C = f'^viO (4) 

and the bracket will be defined by 

{c , e} = r (5) 
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In the case that the Lagrangian (|I|) describes a constrained system, the matrix f^^ is 
singular which means that there is a set of relations between the velocities reducing the 
degrees of freedom of the system. Let us suppose that the rank of / is 2n, so there exist 
N — 2n = N' zero modes v", a = 1, A^'. The system is then constrained by A^' equations 
in which no time- derivatives appear. Then there will be constraints that reduce the number 
of degres of freedom of the theory. Multiplying (^) by the (left) zero-modes vf of fij we get 



vr/.,4- = = 0. (6) 



These (symplectic) constraints appear as algebraic relations 

By using Darboux's theorem |15| one can show that an arbitrary vector potential, aj, 
whose associated field strength fij is non-singular, can be mapped by a coordinate trans- 
formation onto a potential of the form aj(^) = \i^Wji with Wji a constant and non-singular 
matrix. Then, the Darboux construction may still be carried out for the non-singular pro- 
jection of fij given in (Q). Then the Lagrangian becomes 



where z denote the N — 2n coordinates that are left unchanged. Some of the z's may appear 
non- linearly and some linearly in (H). Then using the Euler-Lagrange equation for these 
coordinates we can solve for as many z's as possible in term of ^'s and other z's and replace 
back in V{C,, z) so finally we are left only with linearly occuring z's. So, we can write the 
Lagrangian in the form 

L = ^ewi,^^-V{0-Xk^'{0, (9) 

where we have renamed the linearly occuring z's as A^. We see that these Xk become the 
Lagrange multipliers and ^^{^) are the constraints. To incorporate the constraints we solve 
the equations 

$'(0 = (10) 

and replace back in (|^). This procedure reduce the number of ^'s and we end up with 
a Lagrangian which has the structure given in (|I]). Then the whole procedure can be re- 
peated again until all constraints are eliminated and we are left with a completely reduced, 
unconstrained and canonical system. 

2.1 The constrained symplectic formalism 

There may be technical difficulties in performing all the steps of the F-J formalism: solv- 
ing the constraints may prove too difficult, constructing the Darboux transformations may 
not be possible. An analysis from the point of view of the so called symplectic reduction 
procedure has been proposed by the authors of f^, ^ ||, [l^, avoiding the difficult Darboux 
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transformation implied in the original analysis of F-J by expanding, at each stage of the 
algorithm, the number of variables in the phase space. The central idea in this modified 
method is to include the constraints into the lagrangian by means of Lagrange multipliers 
that are velocities, which must be added to the set of dynamical variables, enlarging the 
configuration space. Once the constraints (j^) have been identified, and introduced as strong 
relations in the symplectic potential V{^), one can always rearrange the Lagrangian (0) in 
the form 

L' = a,{q)q, + n''K-Viq), (11) 

where i = l,...,n and a = l,...,m. The coordinates qi describe the non singular sector 
of L, so that the matrix fij{qi) = ^jaj{qi) — -^ai{qi) is invertible. Then n must be 
even. The new canonical structure is obtained by constructing the matrix f'^Q,{A,B = 
1, n, n+1, n+m) associated to this Lagrangian L'. If the resulting matrix is nonsingular, 
the generalized brackets are defined by its inverse. In other case, the whole procedure can be 
repeated again until the last / matrix be regular. For gauge invariant theories, the algorithm 
is not able to provide a non singular matrix. To obtain the bracket structure one must include 
a gauge fixing condition in the symplectic potential as a symmetry breaking term. 

The equivalence of the FJ approach to the Dirac method is discussed in |P, |^, §]. Some 
applications of the original FJ and the "symplectic quantization" methods can be found in 
^ and the extension to the fermionic case for constant symplectic structures is accomplished 
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3 The model 

We are going to study the conformal affine Toda system coupled to matter (Dirac) field 
(CATM) defined by the two-dimensional field theory 

C = ^d^<f d^<f + ^d^u d^7] - i e^" + i^^^d^^ -m^^ 6"+^'^^^ ^, (12) 

where ip = ijj"^ 79. This Lagrangian is real for rj and z/ real fields if is the complex conjugate 
of ip, and if is pure imaginary. 

This model is associated to the principal gradation of the untwisted affine Kac-Moody 
algebra sl{2)'^^\ and belongs to a special class of models introduced in |Tl[] called affine Toda 
systems coupled to matter fields. The zero curvature representation, the construction of 
the general solution including the solitonic ones and their global and local symmetries were 



presented in |TT 



We are going to mention the relevant symmetries of (|T^. The model (|I^) is invariant 
under the conformal transformations 

x+ — s> x+ = /(x+) , x_ ^ x_ = g{x-), (13) 

with / and g being analytic functions; and with the fields transforming as 

ip{x+,x-) 0{x+, X-) = ip{x+, X-) , 
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where the conformal weight 5, associated to e"'^, is arbitrary, and ip transforms in the same 
way as ip (See for notation). 

On the other hand, (JT^) is also invariant under the commuting U{1)l ® U{l){i left and 
right local gauge transformations 

if ^ ^ + i+{x+)+i_{x_) ] u^u; ri^r] (15) 

and 

By a special choice of ^+ (x+) = — (x_) = — 16*, with 6* = const., one gets a global U{1) 
transformation 

ip ^ (p ; z/— 7] ^ T] ; ip ^ e'^^ ip ; ip e~*^ -i/;, (17) 

and the Noether current, associated to the choice, is given by 

J^' = ^^^'^, d^J'' = 0. (18) 

Another choice could also be possible by taking (x+) = ^_ (x_) = — ^a, with a = 
const.. In this way, one has the global chiral symmetry, too 

and the corresponding Noether current is 

= i^ri^i; + ]^d^^ ■ d.Jip = 0. (20) 



Concerning the topological current, the Lagrangian (|T2D is invariant under (p — ^ (p + imr, 
with all the other fields unchanged. Indeed, the vacua are infinitely degenerate, and the 
topological charge 

Qtopoi. = / dxf , f = ^^e^'du <^ (21) 

depending only on the asymptotic values of if, at x = ±oo, can take non-zero values. 

Forward, we are going to discuss the relevance of these transformations which were men- 
tioned former. Associated to the conformal symmetry ([1^) there are two chiral currents 

= -^^^(l + 75)^ + 5+¥5 + 9+r7, J = #^(l-75)V^ + 9_¥5 + 9_r/ (22) 

satisfying 

d-J = ; d+J = 0. (23) 
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Observe, from (H), that the currents J and J have conformal weights (1,0) and (0, 1) 
respectively. Under the conformal transformations ([13|), the chiral currents transform as 

J(x+) [ln/'(x+)]-i(J(x+)-[ln/'(x+)]'), (24) 

-J{x^) [ln^7'(x_)]-i(j(x_)-[ln^7'(x_)]') (25) 



Then, given a solution of the model, one can always map it, under a conformal transfor- 
mation, into a solution where 

^ = ; J = (26) 



Such a procedure amounts to "gauging" away the free field r]. In other words, (^6|) are 
constraints implementing a Hamiltonian reduction. This resembles the connection between 
the affine (AT) and conformal affine Toda (CAT) models performed in [p!6| , [1^ through a 



gauge fixing of the conformal symmetry. The quantum version of the reduction CAT — > AT 
was performed in | |18| ]. 

Now, we are performing the gauge fixing procedure. Notice from ([T^) that is a scalar 
under conformal transformations and if we set b to zero, is also scalar. On the other hand 
is a (1/2, 1/2) primary field. Let us perform a conformal transformation ([T^) with 

/'(x+) = e2'?+(^+), g\xJ) = e^''-^^-) (27) 

where r]±{x±) are solutions of the r] free field ( ri{x+,x^) = ri^{x^) + ?7_(x_), where ?7±(a;±) 
are arbitrary functions), one gets 

0{x+ , x_) ^ ^{x+, x_), e-^+(*+'^-) ^ 1, e-''+(^+'^'-) ^ e-^+(^+'^-). (28) 

Therefore, we are choosing one solution in each orbit of the conformal group. Then for 
every regular solution of the r] field the CATM defined on a space-time (x+, x_) corresponds 
to a submodel which we call affine Toda model coupled to matter (ATM) with the extra field 
u defined on a space time (a;+,a;_). For the particular solution 77 = the CATM and the 
ATM are defined on the same space-time. Thus setting the rj field to zero in the equations 
of motion of the CATM model and reconstructing the Lagrangian for the set of equations of 
motion of the Toda and Dirac fields we may obtain 

^C{^, ij, ^) = ^d^y^df^y^ + i^^^'d^iP - m^'^e^'P^^^. (29) 

This Lagrangian is not conformal invariant and defines the ATM model. One can easily 
check that the constraints (p6D , once we have set ?7 = 0, are equivalent to 

-^e^^9,y. = -^7'^V'- (30) 

Thus, in the gauge fixed model, the Noether current (|18D is proportional to the topological 
current (PT|). For instance, it implies that the charge density ip'^ip is proportional to the space 
derivative of v?; consequently, the matter field get confined inside the solitons. It can be seen 



in the case of one-soliton and two-soliton solutions of (O) which was calculated in 11, 13 
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The vaccum solution rj = was used in [n|, to perform the dressing transformation in 
order to obtain sohton solutions, which are in the orbit of a vacuum solution. It can be also 
noticed that these transformations do not excite the field rj and the solitonic solutions are 
solutions of the gauge fixed model. The one-soliton solution for ip is exactly a sine-Gordon 
type soliton, and the corresponding ip solution is of the massive Thirring model type |jl9| . In 
addition, one can check that these solutions satisfy (|30|), and so it is a solution of the gauge 
fixed model, implying that the Dirac field must be confined inside the solitons. 



4 The FJ formalism and the massive Thirring model 

As it was discussed in the last section we will consider the following Lagrangian 

^C{ip, ^, V^, A^) = ^d^^d'^ifi + i^^d^^j - m^'^^'f^^ilj + \{2i^i^ip - e'^'d.ip), (31) 

where we have incorporated the Noether and Topological currents equivalence ( pOD by adding 
to the Lagangian the term Xn{2ip'-f'^ilj — e^^d^Lp), where A^ are Lagrange multipliers. The 
same procedure has been used, for example, to incorporate the left-moving condition for 
the boson in the study of chiral bosons in two dimensions [^. Notice that the A^ terms 
in (|3T|) will break the left-right local symmetries (|15])-(|1^) of ATM (p9D which survived the 
conformal gauge fixing. In order to write (0) in the first order form ([l|), let us define the 
conjugated momenta 

T^V = \'P + ^1' = 0' T^^R = -^^H, TT^i = -#L- (32) 

We are assuming that the Dirac fields are anticommuting Grasmannian variables and 
their momenta variables defined through left derivatives. Then, as usual, the Hamiltonian 
is defined by 

He = Ti^ip + -K^^iiR + vr^^^L - C. (33) 
Explicitely the Hamiltonian density becomes 



K = 7rJ + A? + -y,'' + 7r^^^^-7r^^V^^-2aiji-2Ai7r^-Ao(2zj°-^')+ (34) 
Now, the same Legendre transform (|33D is used to write the first order Lagrangian 

£ = 7T^(f + TT^j^lpR + TT^^IpL - ^c- (35) 

Our starting point for the F- J analysis will be this first order Lagrangian. The Lagrangian 
(P^l) is already in the form (|I]), and the Euler-Lagrange equations for the Lagrange multipliers 
allow us to solve one of them 

Ai = ij^ + vr^, (36) 
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and the other equation leads to one constraint 

fii = 2if -if' = 0. (37) 



Then, the Lagrange multipher Ai must be replaced back in ( p5D and the constraint 
solved. Firstly, let us replace the Ai multiplier into He, then one gets 

K = {f)' + \v'' + n^,,fR-7r^,^P'L-'2t7T^f->^o^i+ (38) 

Then the new Lagrangian becomes 

C = TX^ip + TT^^ViJ + vr^i^/'L - ^c- (39) 

One can implement the constraint by replacing in this Lagrangian the field ip in terms of the 
space integral of the current component j". Notice that in the interaction terms there will 
arise a complicated non-local expressions. Thus we get the following Lagrangian 



L" = TT^dtJ 2if + TT^j^ljjR + TT^^tpL+ilpiillj'^-illjLllj'^- (40) 

Notice the appearence of the current- current interaction term. The following Darboux trans- 
formations 

vr^^vr;, ^H^e-2^r^>«, ^^^e^^ff^^^ (41) 

with the TT^ momenta convenientely chosen, is used to diagonalize the canonical one-form. 
We are, thus, after defining k = —2/g, and rescaling the field l/y^ijj, left with the 

Lagrangian 

C[iIj, ^] = np-f^df,ip - m^^^ - -gjf,j^ (42) 
which is just the massive Thirring model. The canonical pairs are {—itpR, iJjr) and {—i'ljjL, iJjl)- 

5 The constrained symplectic formalism and the mas- 
sive Thirring system 

Now let us study our model in the framework of the symplectic formalism. The superscript 
numbers will be written in accordance to the iterative character of the constrained symplectic 
formalism. Thus, C is considered as the zeroth-iterated Lagrangian C^^\ In order to perform 
this analysis we will start from the first order lagrangian (0), written as 

£(1) = 7T^<f + -k^Jr + n^^^L + V^^i - V^^\ (43) 

where the once-iterated symplectic potential is 

V(^) = Kb,=o, (44) 
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or explicitly 



V 



(1) 



[iff - 2t7r^f + ^^'^ - itPni^R + li^Li^L + 



(45) 



and the stability condition of the symplectic constraint Qi under time evolution has been 
implemented by doing Aq — > ?7^. Consider the once-iterated set of symplectic variables in the 
following order 

and the components of the canonical one-form 



These result in the following singular symplectic two-form matrix 



(46) 
(47) 



/ 










-2#L 





-2V'R 


-2^L 













-1 






















-1 






















-1 





1 






















-1 














-2^L 








-1 












b{x-y). (48) 



This matrix has a zero mode 



v^"*"-* (x) = [u, 0, —2uipR, —2u4'L, —u', —2iuipR, —2iuipL 
where u is an arbitrary function. The zero-mode condition, Eq. (^ gives 
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(49) 



(50) 



Then the gradient of the symplectic potential happens to be orthogonal to the zero-mode 
The equations of motion are automatically validated, and no symplectic constraint 
appear. This happens due to the presence of the following symmetry of the action 



-2iu%jjR, 67!-^, = -2iuTx^ 



-2u'ipi 



(51) 



So, in order to deform the symplectic matrix into an invertible one, we have to add a gauge 
fixing term to the symplectic potential. One can choose any consitent gauge fixing condition 
1^. In this case we have one symmetry generator associated to the parameter u, so there 
must be one gauge condition. Let us choose the gauge 



= 0. 



(52) 



9 



By doing this we are gauging away the Lp field, so only the remaining field variables will 
describe the dynamics of the system. Other gauge conditions, which gauge away the ip field 
will be imposed in the next subsection. Implementing the consistency condition by means 
of Lagrange multiplier rf' (which enlarges even further the configuration pace) we get the 
twice-iterated Lagrangian 



where 



f22=0 



= -2ij Ti^ - itpRipR + #L^L + m^e'^'tptp - fj^ 



or explicitly 



(53) 



(54) 



(55) 



Assuming now that the new set of symplectic variables is given in the following order 



^A^ = iV^, V', ^R, ^L, 7^<p, TT^,^, TT^i) 

and the non vanishing components of the canonical one-form 

= (Qi,Q2,7r^,7r^«,7r^i>0>0>0)> 
we can obtain the singular twice-iterated symplectic matrix 



(56) 



(57) 



fABi^,y) = 



/ 










-2iipR 


-2i^L 





-2^R 


-2^Pl 












-1 























1 











-1 





























-1 





























-1 












1 





















-2ijR 








-1 
















V 













-1 











/ 



5{x-y).{5S) 



The corresponding zero-mode is 

v(2)^(a;) = (u, 0, 0, -2u'iljR, -2uijL, 0, -2iu^R, -2wV'l) 
and the following symmetry of the action 



u, 5rf = 0, 5ip ^ 0, 5ti^ = 0, S^r = -2u^r, 



-2uiIjl: Sn^j^ = -2iuipR, Sn^^ 
This time let us choose the gauge 



—2iu7r, 



0, 



(59) 



(60) 



(61) 
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and using the consistency condition by means of a new Lagrange multiplier 7f we get the 
third-iterated Lagrangian 

£(3) = 7r^0 + vr^^^K + Ti^^^L + ^'^^1 + + ifn^ - V^^\ (62) 

where 

V(^)=V(^) 1^3=0. (63) 

or explicitly 

V^') = -3''3p. - + ^lV-l + m^^. (64) 

Since the symplectic two-form for this Lagrangian happens to be a non singular matrix our 
algorithm has come to an end. 

Now it is easy to see that collecting the canonical part and the symplectic potential V*-^-* 
we end up with the following massive Thirring model Lagrangian 

V] = iipl'^df^ip - m^tptp - ]^gj^f + fif. (65) 

We have made the same choice, k = —2/g, as in the previous section, and the field rescal- 
mg This is in agreement with our result in (^2]), where it has been obtained 

solving the constraint and diagonalizing the canonical part by Darboux transforming the 
Dirac field (^If). As a bonus, in the symplectic approach we get a term associated to the 
chemical potential /i ( — i?)^ /i) times the fermion charge density. 



5.1 The sine- Gordon model 

As it was anticipated above, one can choose another gauge fixing, instead of (^), to construct 
the twice-iterated Lagrangian. Let us make the choice 

^2 = f = 0, (66) 

which satisfies the non-gauge invariance condition as can easily be verified by computing 
the bracket {Qi , j^} = 0. The twice-iterated Lagrangian is obtained by bringing back this 
constraint into the canonical part of C^^\ then 

£(2) = + TT^^^^ + T,^J^ + ^if]^ + ^2^2 - V('), (67) 
where the twice-iterated symplectic potential becomes 

V(^)=V«b^=o. (68) 
Considering the set of symplectic variables in the following order 

and the components of the canonical one-form 

ay = (fii,fi2,vr^,vrfe,7r^^, 0,0,0) (70) 
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the (degenerated) symplectic matrix is easily found to be 



/ 








-dx 


-2iipR 


-2iijL 





-2i^R 


-2i) 















-h 











-dx 














-1 












-'hi 














-1 









-i'L 

















-1 










1 


























-1 














V 


-2iPl 










-1 










6{x 



(71) 



Its zero-mode is easily found to be 



.(2)^ 



(x) = (u, V, 0, {iv - 2u)i)R, {iv - 2u)'ijjL, -u\ {-v - 2iu)i)R, {-v - 2m)^i), (72) 



where u and v are arbitrary functions. The zero mode condition, Eq. (|^) selects the following 
constraint 

J '^^v('»^(x)^^ J dyV^^^ = J dxj^dxv = 0. (73) 
Since the function dxV is arbitrary we end up with the following Lagrangian constraint 

n,=f = 0. (74) 
Notice that by solving the constraints Q2 = and Q-^ = 0, we obtain 

^R = ^R, ^L = ^L- (75) 

This is precisely the reality conditions for the Fermi fields. So, we end up in the theory with 
a Majorana fermion, the scalar (p, and the auxiliary fields. With the consistency condition 
implemented by introducing a third Lagrange multiplier into C^"^^ we get 



where 



or 



-2^ + 6^^). 

The new set of symplectic variables is assumed to be ordered as 

d^^ = (^^^^^^</',V^i?,^L,7^^,7^v,fl,v^^i). 
By inspection we find the following components of the canonical one-form 

(fii, ^2, ^3, T^^, -n-ipn, vr^i, 0, 0, 0). 



,(3) 



(76) 

(77) 
(78) 

(79) 
(80) 
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After some algebraic manipulations we get the following third-iterated symplectic two- 
form 



/ 



fABi.x,y) 







-2ipR iipR iipR 






-9^. 



-^pR -i^L iiljR ii>L 

-ijR i^L i^R -itpL 

-1 

-1 

-1 

1 
-1 



(81) 



-1 / 

.6{x — I 



y) 



It can be checked that this matrix has the unique zero-mode 



v(3)(x) = (m, -2iu, 0, 0, 0, 0, -u\ 0, 0), 



(82) 



where the function u is totally arbitrary. The zero-mode condition (|^) gives rise to 



Then the action has the following symmetry 

5r]^ = u, 5rf = -2m, 5r]^ = 0, 5ip = 0, ^vr^ = -u, 5^r = 0, SipL = (84) 
Sn^^ = 0, 671^^ = 0. 

This symmetry allows us to fix iipRipi to be a constant. By taking tpR = —iMO and 
ipL = 6, with M a real number, we find that iipRipi indead becomes a constant. Note that 
6 and 6 are Grassmannian variables, while 66 is an ordinary commuting number. In order 
to obtain a manifestly Lorentz invariant final Lagrangian we must choose the conjugated 
momenta = —ip/4:. Choosing k = —2/g as the overall coupling constant and rescaling 
the field, (p — > ^/glp, we are left with 



This is just the sine-Gordon model Lagrangian. In addition we get a term multiplied by 
a chemical potential n {rj^ — *• n). This is a topological term, in the sense that it only depends 
on the value of the ip field at the spatial boundary {x = ±oo) which is just the topological 
charge density. 

6 Summary and conclusions 

The conformal invariance of the affine s/2 Toda model coupled to matter field (CATM) is 
gauge fixed setting 77 =0, and then we have defined de ATM model. Then the reduction is 




(83) 



C" = -{dfj^ifY + -m^M cos2y/gip + fnp'. 



(85) 
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performed by imposing a constraint which is precisely the equivalence relation between the 
Noether and topological currents. We incorporate this constraint by adding to the action the 
term A^(2zj^ — e^'^d^ip) where are lagrange multipliers. We write the Lagrangian density 
as a first order expression in time derivatives of the dynamical variables, and observe that 
Ai appears non linearly while Aq does linearly. The Euler-Lagrange equations for the A's 
allow one to solve for the Ai in terms of the other variables, and leave for further analysis 
the linearly occuring Aq which is related to a true constraint fli = 2ij^ — ip'. Then following 
the initial FJ method we solved the constraint for the ip field, which is the easiest way to do 
it, replaced back into the Lagrangian density and performed Darboux's tranformations, and 
ended up with a canonical expression for the Dirac fields, which combined to the symplectic 
potential was precisely the massive Thirring model. 

The second main point we should highlight relies upon the use of the constrained symplectic 
formalism, which allows to overcome the difficult task of solving the constraint for the Dirac 
field in terms of the ip field as required in the initial F J approach. By bringing the constraints, 
iteratively into the canonical part of the Lagrangian, considering the zero-mode conditions 
and after imposing the new constraints and gauge fixing we have been able to arrive finally 
at the sine-Gordon or massive Thirring model, depending on the specific gauge fixing. 
An interesting observation is that the method allowed us to obtain the canonical structure 
only in terms of the fermion or the boson degree of freedom, by conveniently choosing the 
constraint in the initial coupled Lagrangian (|3T|) , which is nothing but the Noether and 
topological current equivalence condition incorporated making use of Lagrange multipliers, 
and the convenient choice of gauge fixings Eqs. (|52D and (^) to obtain the massive Thirring 
model, and the gauge fixing Eq. ( |66l) and the Lagrangian constraint Eq. (^) to get the sine- 
Gordon model. Thus, Eq. ( |3lD defines a so called parent Lagrangian from which both 



of the models are derivable. From the Lagrangians (^4 ) and ([85|), it is also clear the duality 
exchange of the coupling regimes: g — >■ 1/g. Moreover, we believe that this approach clarifies 
the role played by such parent Lagrangians. For example in |2^, the authors have recently 



shown the exact quantum equivalence between the sine-Gordon and massive Thirring models 
by gauge fixing a wider gauge invariant theory in two different ways. 
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